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Role of voids in granular convection

Troy Shinbrot, D. V. Khakhar, J. J. McCarthy, and Julio M. Ottino
Department of Chemical Engineering, Northwestern University, Evanston, lllinois 60208
(Received 3 September 1996

We study the dynamics of voids in granular convection. First, we associate the formation of voids with the
onset of convection, and thereby develop predictions for convective onset as a function of system parameters.
Second, we use a stochastic approach to examine the role of void penetration in fully developed granular
convection. We find that the vertical flow field should depend on the hyperbolic cosine of the horizontal
coordinate and on a mixed linear-exponential function of the vertical coordinate. We present both lattice-based
and particle-dynamic numerical simulations to validate this analysis, and provide several testable predictions.
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PACS numbgs): 46.10+z, 05.40+j, 83.10.Hh

INTRODUCTION can establish conditions under which the mass will become
airborne and we can compute the maximum distamgg,
Granular flow has been the focus of intensive experimenbetween the bottom of such a mass and the bottom of the
tal study over the past several yefts These investigations container{see Fig. 1a)]. We conjecture that wheh,,, ex-
are driven by two, largely opposing, motivations. On the oneceeds the characteristic particle diamederit may be pos-
hand, the variety of behaviofd,2] that externally excited sible for particles to flow. While this criterion for the onset
granular systems are subject to is unparalleled in fluid probef convection is only approximate, it can be expressed ana-
lems. On the other hand, there exist exceedingly few generdytically and, as will be shown, it shares similarities with
principles[3] for the understanding or analysis of these sys-existing experimental data.
tems. Throughout this paper we neglect aerodynamic forces; the
Historically, one of the very few principles of granular results are thus suitable for experiments executed in a
flow thathasbeen well recognized is the need for vo[d$.  vacuum or for other problems in which drag or trapped air
Without voids, grains remain trapped in an interlocked statecan be neglected. There is extensive literature on the behav-
that obstructs particle transport. With recent advances iior of masses subjected to harmonic shakiBdll], so we
computer technology, research has increasingly focused amnly briefly review the key points here. In Fig(hl, we plot
particle-dynamics investigations, and in this respect the imas a solid line the vertical position of a harmonically vibrated
portance of void dynamics has been ISt platform. A mass supported by the platform will become
In this paper, we examine two implications of the need forairborne when the platform’s downward acceleration exceeds
voids in granular flow. In the first section, we derive a crite-gravity g, that is, when
rion for the onset of granular convection by assuming that )
grains can begin to flow only once voids emerge that are at g=Aw’sin(wt) Y
least as large as the constituent particles themselves. In the
second section, we analyze well-established convectior?
There, we treat the penetration of voids by particles as a g
. . e : .
chaotic scattering problem; this permits us to develop a sto- t=ty=sin (P .
chastic model leading to a difference equation that governs @
convective flow. We test our analytic results with three dis-pger jeaving the platform, the vertical position of the bottom
tinct types of numerical simulations: hard-particle, Iattlce-of the mass will obey
based(cellular-automatg and soft-particle.

@

= (g) (t_t0)2+ [Aw Coiwto)](t_to) + [A S|r( (I)to)]

If voids are required for the flow of granular material, ®
then it follows that the emergence of voids should coincideThis parabolic trajectory terminates once the mass strikes the
with the onset of convection. Convection is typically pro- platform again. After this point, the mass may again become
duced in experiments by sinusoidally shaking a containegirborne. The resulting vertical position of the mass is de-
[1,6,7). The complete problem of how voids are created in apicted in Fig. 1b) as shaded circles.
container containing a large number of grains is diffi¢8lt At some point, the height of the mass above the platform
and we do not attempt to solve it here. Instead, we observachieves a maximum, denotég,,, in Fig. 1(b). As we have
that granular materials typically collide inelastically with indicated, our motivating conjecture is that the onset of con-
container wall§9], so it is appropriate as a first approxima- vection occurs whet,,,, exceeds the particle diametdy
tion to solve the problem of a single inelastic mass resting onvhich, for simplicity, we take to be a constant. In Fig. 2, we
the bottom of a vibrating containgB,10]. In this case, we plot the dependence of the frequensyon the amplitude of

I. CONVECTIVE ONSET
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FIG. 1. (a) Inelastic mass of particles on a vibrating platform, with diameter of partéckesd height of mass above platfohmindicated.
(b) Position of platform(solid line) and of masgcircles for platform vibration given byz=sin(16xt).

shakingA, when this criterion for onset is met, for particle investigate this dependence by plotting., vs w, as shown
diameters ranging from 1 to 5 mm. For large amplitude 0s1n the inset to Fig. 3. The asymptotic heidhj ... attained at
cillations, onset apparently occurs for frequencies that go agrge frequency is strictly proportional to the amplitudle
JA. This is what we would naively expect: since the plat-according toh,, ,.,=10.5A. If we subtract the maximum
form’s acceleration goes d3=Aw?, constant acceleration height above the platform attained by the mass from this
lines lie alongw~1/JA. In the figure, we plot two lines, asymptotic heighti.e., computeh,,,—h,, ...) and plot this
I'=g andI"'=1.29. The first line is the minimal possible difference as a function of frequency, we obtain the main
criterion for onset; below this acceleration, inelastic particlesplot of Fig. 3. From these results, we find that for sufficiently
never become airborne. The second line corresponds to ekigh frequency the following scaling relation is obeyed to a
perimental reports of convective onddt?]. For vibration high degree of accuracy:
amplitudes on the order of 1 cm, our criterion for onset ap-

proximately coincides with experimental observations for all

particle sizeg13] in the range 1-5 mm. Our results indicate 48.3
that for lower amplitude vibrations, highér values would Pmax=10.5A— w2
be required to achieve onset. This effect should be especially

pronounced for large particles. The converse is also true:

higher amplitudes require slightly smaller valuesldfin- By associating a particular grain diametewith the height
deed, Flg 2 indicates that Sllghtly lower accelerations tha.l'hmax as previous|y described, this equation provides an ex-
have been reported to date may also induce convection, efticit prediction for the onset of convection. Moreover, in the
pecially at large amplitude. following section we show that E¢4) can be used to predict

Also, for large amplitude oscillations we note_that onsetthe dependence of fully developed convection on driving pa-
should occur at very nearly the same frequency, independefimeters.

of particle size[13]. For small amplitude oscillations, by
comparison, the frequency at onset should significantly in-

~
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FIG. 2. Platform vibration frequency vs amplitude at theoretical FIG. 3. Inset: height of mass above platform versus frequency of
convection onset for various size particles. Solid lines indicate thevibration for various amplitudes of vibratiofdefined in legend
minimum possible onset criterion: a maximum accelerafiong Main plot: difference in height from high frequency asymptote ver-
and an often reported onset criteribr= 1.2g. sus frequency.
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FIG. 4. (a) Probabilities for scattering of particles into void from ’ Time to Reach Void (r/|V|)

above left P,), center P,), and right P3). (b) Scattering prob-
abilities with relative velocity of one column. Here the probability  F|G. 5. |nset: hard-particle-dynamics scattering configuration, in
that any particle might enter the void from the left is dend®&d  \yhich a single particlgdark gray scatters with a random initial
Dark shaded particles can enter the void. direction against initially stationary inelastic masséght gray).
Void penetration is judged according to whether or not the dark
IIl. VOID PENETRATION AND CHAOTIC particle crosses the dotted line shown. Main plot: frequency of scat-
SCATTERING tering into the void versus the time at which the penetration occurs

A. Central conjecture (measured in units of particle separation per velocity maximum

The idea here is as follows. Suppose we have a void in a
two-dimensional(2D) granular material. We take the sim- P, — m Py 6
plest case, where the grains are ordered in a rectandidar L m P+ Pyt Py ®
lattice, as shown in Fig.(4). Our analysis is not restricted to
a lattice, but the use of a lattice considerably simplifies com-
putational comparisons that folloin particular, the identi- 5o, to take a numerical example, if,=P;=0.1P, and
fication of a void and the vertical velocity of a column of ;, —5 then for the stationary cagb), P, =8%, while for

particles become quite clear-cut in a latlicéo determine moving cas€6), P, = 15%. Thus the probability of pen-

h‘;]W r:hef flﬁw Wlllt_elvolve, at a(;r_unlr?hum W_E ne_ltlad &9 kTOIW etrating a void can easily be doubled by increasing the rela-
which ot the particles surrounding the void will ultimately ., velocity of particles passing by the voi@in fact,
fill it. The crucial observation is that this is a scattering prob-

F’L—>1 asm; — o).

lem among convex bodies, and it is known that this class o To prevent confusion, we remark that the relative velocit
problem, even using stationary scatterers, is exquisitely sen- P ' y

sitive to tiny variations in initial condition§15]. This being b_etween_ the_ adjacent columns that we have referred to can be
the case, we turn to stochastic methods. All calculations thafiewed in either of t\{vo ways, dep_endmg on _conte_zxt. In a
follow should be understood to apply to averages over verproPlem where there is a characteristic timaithin which a
many realizations. We begin with the central conjecture that©id becomes filled, the relative vertical velociyV is the
the probability of penetrating a void should increase with theduantity of interest and the number of opportunities pre-
number of scattering opportunitiegresented. This seem- sented to scatter into the void is just7. In a problem
ingly innocuous conjecture allows us to analytically solve awhere the system is agitated and returned to rest, the relative
number of outstanding granular convection puzzles. velocity can instead be viewed as the tad&placemenby

Consider first the situation depicted in Figay a lattice ~ which a column settles with respect to its neighbors in a unit
of particles with a single void. We analyze only the possibil-settling time. We consider the latter case in this paper, how-
ity of particles penetrating the void from abol5] and we  ever, to conform with existing nomenclature, we refer to this
assume that the void is typically filled in a characteristic timedisplacement as a velocity.
7. Then thea priori probability that the void will be filled by
a particle from the column to the left is

B. Tests of the conjecture
Py

P P, Py

(5) As we have said, this argument hinges on the assumption
that a void is filled in a characteristic time This is easily

By contrast, consider the situation shown in Fip)dwhere  tested:in Fig. 5 we display results of a hard-particle-dynamic
particles to the left of the void are taken to move vertically[17] simulation, in which a single particlglark gray in inset

with fixed velocity V, , measured in particle diameters per adjacent to a void is given an initial impulse of fixed ampli-
unit time. If m_ particles in the moving column pass by the tude [v|, but random direction. All other particles are ini-
void in time 7, then we expect the probability that the void tially stationary but are free to move. All particles are iden-
will be filled by a particle from the left to increase corre- tical and have initial separatios=1 and radiusr =0.4s.
spondingly. Herem, =1+ V, 7 and the probability to fill the Collisions are inelastic with coefficient of restitution 0.75.
void from the left is The void is judged to have been penetrated once the dark
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FIG. 6. Inset: hard-particle-dynamics scattering configuration  riG. 7. Inset: hard-particle-dynamics scattering configuration
for a void surrounded by a fixed lattice. Dark gray particle on left is¢y, pseudocontinuum flow with imposed shear. Dark gray particle
provided multiple opportunities to penetrate the void; competingo |eft is provided multiple opportunities to penetrate the void by
black particle on right has only one opportunity. Main plot: void yitue of a wall to the left moving down with fixed velocitys.
penetration rate versus number of opportunities. Open circles giveompeting black particle to the right of the void has only one
averages over 1000 trials; solid line is fit to E@). opportunity. Main plot: void penetration rate versus number of op-

portunities. Open circles give averages over 1000 trials; solid line is
particle crosses the dotted line shown in the inset to Fig. 5fit to Eq. (6), modified to account for dark gray particle egress either
separating the initial position of the dark particle from thethrough the bottom or through the voigdee text
void location. In the main part of the figure we plot a histo-
gram of the frequency of penetration of the void by the darktion from Eq.(6), using only theM =1 point to fit all of the
particle versus the time taken to achieve the penetratiordata:
From this simulation of 1000 separate trials, we find that in
excess of 92% of void penetrations occur within a fixed time, P = m,_0.151
given by 7=10r/|v|. Thus, to a high degree of approxima- L m_0.151+0.849
tion, we can assume that voids are filled within this charac-
teristic time. Similar simulations with immovable scatterers The simulation and analytic solution agree for snidll
yield essentially identical results. Logically enough, asvl grows, particles on the left can be

As a consequence of this calculation, we conclude thateplaced in a time smaller tha|v|, at which point they can
multiple scattering opportunities can enhance the overalho longer penetrate the void at aitf. Fig. 5, for time
scattering rate, provided that the time between opportunities<r|v|). This results in a drop-off of the simulation penetra-
is >r/|v|. We test this conclusion in two separate simula-tion rate.
tions, one bounded by particles fixed on a lattice and a sec- We reproduced this experiment {as nearly as possible
ond spatially continuous. a lattice-free simulation as well. The geometry for this simu-

The first simulation, which we term “pseudo-lattice- lation is shown in the inset to Fig. 7. Here the dark gray
based,” is shown in the inset to Fig. 6. Here we provide apatrticle is trapped between a wall to the left, which moves
particle on the lef(dark gray with M opportunities to scat- downward with mean speed,, and a second, static, wall to
ter into a void in time 10/|v|. The particles surrounding the the right, containing a single void space. The positions of the
void (light gray) are immovable and are fixed on a hexagonalparticles on the two walls are randomized with the condition
lattice. During the same time interval, a second particlethat a channel that is at least wide enough for the dark gray
(black on the right of the void is given only a single oppor- particle to traverse must remain. Once particles in the mov-
tunity. Technically, this is done by initially giving each par- ing wall fall below a fixed height, they are removed from the
ticle a kick of fixed amplitude and random direction, and simulation and replaced at a new, partially randomized loca-
allowing the particles to compete to penetrate the void. Oncéion at the top of the wall. Similarly, once the dark gray
every unit time 10/(Jv|M), the particle on the left is re- particle falls below the same fixed height, it is removed from
moved and a new particle is placed at the same initial locathe simulation and replaced at a height of 3 particle spacings
tion but with a new randomized kick direction. After a time above the void, and a new randomized kick direction is ap-
10r/|v|, no further particle displacements occur, and theplied. A competing particle is also provided, as shown in
simulation is allowed to continue until both moving particles black; the magnitude of its kick/y, is the same as for the
come to rest. Particle sizes, spacing, and coefficient of restdark gray particle. In this way, ags/V, is increased, the
tution are as before. dark gray particle passes the void numerous times and so is

In the main plot of Fig. 6, we plot as open circles the provided with multiple opportunities to penetrate the void.
resulting number of void penetrations from the left in 1000Particle properties are as before, with the exception that the
trials as a function of the number of opportunities per trial,wall particles are taken to have a mas$ filies the mass of
M. On the same plot, we include as a solid line the predicthe competing particles. This prevents wall particles from

@)
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escaping laterally from the simulation. To prevent the dark
gray particle from climbing out of the top of the simulation,
it was necessary in addition to include a small gravitational
acceleration for this particle alone.

In the main part of Fig. 7 we plot the results of this simu-
lation. We again present an analytic result from E6);
however, in this case, the gray particle can leave through the
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bottom, so even asymptotically at larlye we cannot expect V3
to achieveP = 1. The simplest priori estimate, given that 8§
the dark gray particle can leave the simulation through either ]
of two possible exits, would be th&; =0.5 asymptotically. _
In fact, the black particle competes for the void position, so §
P_ is less than this value. We evaludg asymptotically by 85
performing a simulation with largé (M =100), which §

givesP| —0.426. Using this value and thié =1 simulation
value as fit parameters, we find

FIG. 8. Schematic of particle egress from boundary layer into

EL: 0.426 m.0.474 , (8) bulk at successive times. At tinte=0, a fractionP, of particles in
m_0.474+0.526 a unit heightA z escape from the boundary layer. A short time later,
at timet=1, the particles supported by this unit height fall with
which we plot as a solid line in Fig. 7. speed V;, resulting in an enhanced penetration probability,

The horizontal scales for the pseudolattice and continuuni;P, . This process is amplified as time and height in the boundary
simulations are identical. For the continuum case the numbégyer increase.
of opportunities is taken to b&vq)/V,, where(V,) is the
measured mean vertical velocity of the dark gray particleprescribed way. In Fig. 8, we sketch a stack of particles at
Agreement seems reasonable between both the pseudolatti@veral successive times. We divide the stack vertically into
and continuum simulations and the analytic result predicte@¢qual segments of heigikz (expressed in units of particle
from Eq. (6). diametery

We turn next to two example problems: flow along a We denote the probability that a particle leaves the low-
boundary and bulk flow in a 2D tapped container. Our ap-€st, stationary segment of the stack for the ik and after
proach in both cases is to separate the convective flow int8n impact the stack can, on average, settle by moving
two distinct stages: a dilation stage, during which voids are
introduced, and a subsequent relaxation stage, during which Ny=Pap,AZ ©

material settles to fill the voids. Dilation is experimentally icles d d wh is the void fraction adiacent
observed to promptly follow a vertical tap to a resting mas articles downward, whetg, 1S the void Iraction adjacent to
tge boundary layer.

of particles, and we assume that the dilation stage has th The probability that a particle leaves the second segment
ff f nearly randomly intr ing voids into the mass. | 4 . i
effect of nearly randomly introducing voids into the mass tfrom the bottom is then prescribed by E), wherem, is

is during the relaxation stage that these voids are filled ac,[-h ber of tunities f trati ted t h
cording to stochastic relations, such as E). We remark € humber ot opportunities Tor penetration presented {o eac

that this construction, in which dilation and relaxation stageé’(.)'d' This number in tum isn_=1+ Nl/W' whe.rew IS the
are distinguished, is a theoreticabcessityfor convective width of the boundary layer expressed in particle diameters.

motion[10]. That is, the existence of convection relies on the S0 the number of particles that can be expected to leave the

fact that particles follow different trajectories on their way second segment is given by
up and on their way down. If particles were to rise and fall

according to the same, reversible, rda, equivalently, if N,= __MPa p, Az (10)
particulate flow were to obey a single convective equation m Pat Pyt Py
during each stagethen convection could not occur.

w+ Ny

=——"————p Az, 11

C. Example 1: Boundary flow in a 2D tapped container (W/B)+w+Ny P (0

Let us consider a simple example to start with. Followingwhere P,, and P, are the numbers of voids adjacent to the
an upward impact to a square container partially filled withsecond segment, which would be filled from directly above
grains, it has been observed that particles within a fixed disand from the bulk, respectively, ang=P,/(P,+ P.). No-
tance from the side walls of the container initially remaintice that for the typical case, where material predominantly
fixed with respect to the walls, while particles further into thesettles directly downward into void®,<P,, so 8<1. In
container dilate in response to the impBck This motivates  this limit, we find
us to study a column of particlgsvhich we associate with
particles near a walladjacent to another column containing No~(1+Nj/w)Bp,Az, (12
a number of voidg¢simulating material in the bu)kThis is a
convenient first problem because it can be modeled as a oner, more generally, the number of particles leaving kitie
dimensional stack of particles that leak out into the bulk in asegment for the bulk is
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Vi-l Vi Vi+1
od 3 |
~(Bp,AzIw) 1I(B(pUAZ/VZ)k)l w 8 138Q‘)8
’ —(Bp,AzIw
NG & L)

+(Bp,Az/w)*IN;. (14)

Nk~(1+ M) Bp,Az. (13)
w

This is equivalent to

Thus, in this approximation, the number of particles leav- S)
ing the boundary layer increases exponentially to leading
order with height from the bottom of the container. Since
these particles support the particles above them, we can al-

ternatively write that the downward velocity of particlex- FIG. 9. Generic situation where a void can be penetrated from
pressed as the number of particles moved perdgapvs with ~ streams on either side, moving with different relative velocities.
height according to V; represents the vertical velocity of tfigh column of particles.

k principle using Eq(13), but it should be kept in mind that
V= 2 N;, (15  there will be no justification for expecting, to be indepen-
=1 dent of height there.
Finally, the boundary flow is driven in this scenario by the
presence of voids in the bulk, and their absence along the
+ boundary. This void contrast, coupled with the velocity de-
Vi~ (B, AZIW)N 1+ KW(Bp, AZIW) = (Bp, AZIW) TN, pendence of void penetratidiq. (6)], is what produces the
~(Bp,AzN; IW)+(Bp,)z— (Bp,Az/w)ZHa2/AzN, complex flow, Eq.(16). Presumably, the experimentally ob-
served void contrast is produced by friction and packing
(16) variations[ 19] between the particles and the container walls.
This suggests that the downward boundary flow should be
impeded in containers with polished walls and augmented in
containers with roughened walls.

and, using the approximation thgp,Az<1, we find

wherez is the number of particle§.e., the heightfrom the
bottom of the container. Equatidti6) gives an explicit pre-
diction for the dependence of vertical velocity on height in
the boundary layer of a periodically tapped container of
grains. We especially draw attention to the signs in this equa-
tion: the linear terms must be positive, while the exponential We turn our attention next to the flow in the bulk of a
term must be negative. Consequently, we expect the boundapped container of granular material. We begin with the
ary velocity to increase with height, possibly to a maximumobservation that a simple shear cannot sustain net flow under
value, and thereafter to diminish. We compare this predictiornisotropic conditions. This is due to symmetry: in a uniform
with two different types of numerical simulations in subse-shear field, the relative velocity between any two adjacent
guent sections. streams of particles is constant, and, using @6), a void
This result is based on several explicit and tacit assumpstands an equal priori chance of moving in either direction.
tions. (1) The analysis assumes that particles settle startin@arring an externally provided anisotropy, we expect
from the bottom of a stack of particles and working upwardvoids—and, consequently, material particles—to wander
to the top. This assumption is crucial, for it defines therandomly and without bias. This situation changes in flows
mechanism by which velocities are amplified higher up inwith differential shears. In these flows, we show that par-
the stack. We remark, however, that the results should not bigcles tend to migrate to regions of low shear in a way that
expected to hold for very tall containers of grains. In thesecan be modeled by a difference equation.
problems, particles may settle within multiple, independent, Earlier we considered the special case in which particles
vertically separated band48]. (2) The rate of transverse move only on one side of a voidrig. 4(b)]. Now we study
particle motion is assumed to be related to the relative verthe more general problem in which particles on either side of
tical velocity of neighboring columns of particles. We have a void can moveFig. 9. Here we assign a relative vertical
employed a particular stochastic description of this relationyelocity (more precisely, a net displacement suffered by a
other descriptions might work as we(B) The distribution of ~ column with respect to its neighbors during settlingV,
voids is assumed to remain uniform with height. This per-=V;_;—V; on one side of the void and a different relative
mits us to use the simplification that the void fractipnis  velocity AVg=V;—V, ., on the other. As before, the effect
constant. This assumption is not crucial, but it simplifiesof the relative velocities is to provide additional scattering
analysis(4) The analysis applies to experiments in which all opportunities that may enhance the probability for a particle
of the grains in the container come completely to rest follow-from one side or the other to enter the void.
ing each impact(5) The probability of filling a void from In Eq. (6), we wrote the probability for a void to be filled
above is assumed to greatly exceed that from the $&je. subject to a moving stream of particles on one side; we can
The derivations are chiefly applicable far from the bottom ofwrite the corresponding formulas for streams of particles on
the container. Near the bottom, analysis is still possible irboth sides:

D. Example 2: Bulk flow in a 2D tapped container
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B m_ Py V=Vy+V;coshx/\p,P£%)e? 2, (24)
L m P+ Pyt mgPy’

P

This result is in agreement with careful experimental work in
MgPs which the precise flow field in tapped containers of grains
(17 has been measured direcB0].
Second, convective behavior as a functiorz @ not pre-

where the numbers of opportunities to fill the void from the SCribed by Eq(16) alone; it depends on the system size as
left or the right are, respectivelyn, andmg. These num- well, since the response in the bulk is driven by inflow from

P =
R m.Py+Py+mgP3’

bers in turn depend oAV, andAVg according to the _boundary. In smaller systenfise., Whe_reW/§~ 1), the
vertical flow can be expected to be dominated by boundary
m =1+|AV,]|, effects, and the dependence in the bulk should obey Eqg.
(20). In larger systeméi.e.,w/£<1), on the other hand, Eq.
mg=1+|AVpg]|. (18 (16) should hold in the bulk. By examining Eq&L0) and

) _ o _ (16), we find that the length scale over which material is
So |f we again adopt the gpproxmaﬂon that voids are preyriven into the bulk from the boundary Is,=w/p, , while
dominantly filled _ from directly above, therP,>m P, the length scale over which the bulk responds js=P.¢.
+mgP3, and we find Thus, tall, narrow containers should haig<Lg and
boundary effectdEq. (10)] should dominate, while short,
broad containers should havg>Lg and Eq.(16) should

~ hold.
Pre(1+[AVRDAs, (19 Third, the amplitude of convection can be expressed as a
where B;~P, /P, and B3~P3/P,. Thus the flow into a function of driving parameters by making use of E4). In
void from either side is proportional to the relative velocitiesthat equation, we showed that the size of void space pro-
of constituent particles with respect to the void. The differ-duced between an inelastic mass and a supporting platform
ence in probabilities for the motion of a void to either side isthat vibrates according te=A sin(wt) obeys a simple rela-
tion for sufficiently high frequency. It stands to reason that
PL—Pr~(B1—B3)+(B1|AV|—B3|AVg]). (20)  the void fraction in the bulk,, will be simply proportional
to this void size. Thus, we expect

48.349)
w® |’

PL~(1+|AV.])B1,

For isotropic problemge.g., far from boundari¢swe can set
B1= B3, and the number of particles that we expect to flow

into the center column from either side is, therefore, p,=C| 10.54A~

(29

Uz=p,(PL=Pr)=p,B1(|AVL[=[AVR)). (21  yith some proportionality consta. Although we are con-

. . N . . sidering here sinusoidal vibration of the container, we as-
Conservation of particles implies that, neglecting packing

. . Fume that we are still operating in a regime where the grains
differences, as a particle moves from one column to an ad- =
come to rest between one cycle of vibration and the next

jacent one, the column that receives the particle must in'20] ; S .
X . . . . Together with Eq(24), this implies a particular form
crease in height by one particle diameter. Consequently, t 8 the dependence of the convective veloaltpn A ande,

vertical velocity of a column following a tap depends on the hat is. at anv fixed locationx
number of particles that are deposited into the column. Tha-{ atis, at any fixed locatiorx.yo),
is, the i i I ' tical velocity i tional
E, U2e |;1_;:]Lesajvee|cvﬁtgo umn'’s vertical velocity is proportiona V(Xg,Yo) = Co+ C1COSHC,/VA—Cal@?), (26)
AV A2V whereC,, C;, C,, andC3 are constants. For the special
{—=~Ep,B1 —> (22)  case where the acceleratior= Aw? is held fixed, this be-
Az A comes

where ¢ and ¢ are characteristic vertical and horizontal V(Xg,Yo)=Co+ C,cosHC,w), (27)
lengths for the problem. We use the suggestive notation
A2V=|V,;—V,|—|V,—V;|, and in order to algebraically whereC,=C,/\y—Cs. It is understood that the frequency
separate physically distinct terms, we rewrite this equation am Eq. (27) is measured above an onset value; for frequencies
) below this value, the convective velocity vanishes. There is
P, A_V% P, &2 A_V (23 some experimental eviden¢21] that indicates that for this
26Nz PvTas xxZ case the velocity is exponential in It would be interesting
to determine whether Eq27) in fact fits the data.
whereAx is the separation between particle centeosighly Finally, a complete set of solutions to E@3) includes
gi\t/'en by the particle diametgrandAy is their vertical sepa-  reflectionally antisymmetric basis functions:
ration.
This is a difference equation that, subject to the approxi- V=Vy+V;sinh(x/p,P;£2)e? P2, (28)
mations detailed above, governs granular flow in the bulk of
a tapped container. Consider a few properties of this equdn simple rectangular containers, we expect to see symmetric
tion. First, solutions to Eq(23) that are reflectionally sym- solutions of the form(24); in asymmetric containersC!
metric aboutx=0 include compositions of Eqs(24) and (28) are possible. One addi-
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FIG. 11. Final state of lattice following upward percolation of
FIG. 10. Initial state of lattice immediately following a ta{@®) all voids for the initial states shown in Fig. 10.

Voids randomly distributed in interior(b) particles in corners
moved to fill interior voids. Gray shaded particles along boundariesnclude this scenario in our simulations. We have also stud-
are held fixed initially. Black shaded particles are markers, initiallyied the effects of eliminating the random allocation of voids
placed in a horizontal line, ten particles from the bottom. in favor of placing voids only at the bottom and center of the

container. The convective flow resulting from this initial
tional possibility may occur in containers with periodic state differs only slightly from the flow that we present, and,
boundary conditiong22]. In that case, it is possible to obtain sjnce the random allocation of voii$6] seems lesad hoc
solutions periodic inx, provided that the solutiondecay to us we choose the random case here.

with height; for example, Given an initial configuration of voids, the next computa-
tional step is to percolate the voids upward. The rule for
— 2\a—2Z/IP
V=Vo+Vicogx/p,P1£5)e "2, (29 percolation is prescribed from our analysis: voids must move
[28] directly upward with fixed probability?, and diago-
Ill. CELLULAR AUTOMATA SIMULATIONS nally upward to the left or right with probabilitie®; and

P5. We consider the symmetric cajgd] P,=P5. At every

We can test ‘hf_’se results in f‘“m_er_'ca' S|m_ulat|or_15 USINGertical heighth starting from the bottom of the collection of
the following algorithm[23]. For simplicity, we fix particles articles, we perform the following computational tasks.

on a .rectangular lattice. As we ShO\.N' this approximation_i irst, we allow particles nearest the bottom to percolate
sufﬁmgn_t to generate data Iargely In agreement bOth. W'trbownward one level. Next, we allow particles one level
preexisting expenments and with the preceding analysis. Tﬂigher to percolate a level down, and so forth, up to the
_cqr_nplete the description c_)f_ the problem, we need tO.SpeC'%eighth. We repeat this process until all particles belbw

initial and boundary conditiong24]. Throughout our simu- come to resti.e., all voids reach the surface of the descend-

Igtions, we take the mean i_nitia_l \./(?id frac;ion to be=:. In ing particles. At this point, we increment by one particle
Fig. 10, we show two possible initial configurations of voids. diameter and repeat the ;;rocess

In Fig. 10(a), we show an initially randorfll0] set of voids To observe the convective flow field, we track a line of

in the bulk, with no voids along a narrow side boundarymarker particles. For example, in Fig. 10 we sh@mblack)

layer (shaded gray We randomly assign void locations - . L ic|
within the bulk (and displace supported particles upward asthe locations of marker particles initially placed ten particles

need bgbecause there are no good experimef§] studies
to guide us in the correct placement of voids immediately
following an impact. We include no voids near the side

boundaries in keeping with experimental reports that do exist o 10 : : —s
[7]. In Fig. 1Qb), we sketch a slightly different initial state, oS8809%2

in which voids are inserted in boundary layers nearest thel| gg8888585856800 oer 4 ]
corners of the container; the particles coming from these [|83853858585585855558 N 02T 0 OppQ0_ O .
voids are displaced horizontally to occupy the nearest previ- JS883855858558es858se 02}o ° :
ously allocated voids in the interiddisplaced particles still §§§§§§§§§§§§§§§§§§§§ sk |
shaded gray The inclusion of this second initial state in our Jsgesesgscedessossdes o °©
simulations is motivated by the following speculatipn. S8808688885888650080 10 5 P PR,
Video footage[26] taken of vibrated containers filled with J83883883333885339558 X

grains indicates that a large void initially forms at the bottom

and center of a container during the vibration cycle. It ap- g1, 12. 400 particles on lattice; each simulated tap delivers 96
pears from the video frames that the static boundary layergigs at random into the interior of the heap. A two-particle-wide
adjacent to the void then collapse into the void before theyoundary layer along each side receives no voids initially. Left:
mass of grains above has the chance to fully relax back to théhape of heap with initially horizontal marker particlpgaced at a
bottom of the container. It has been speculated that this coheight of ten particle diameterafter 300 taps. Right: circles give
lapse plays a major role in driving the ultimate convectiveaverage positions of marker particles over 300 successive taps; line
motion of the grain$27]. To investigate this speculation, we gives fit to Eq.(24).
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tive displacements near the walls shown on the right of Fig.
12. These particles are delivered primarily to the columns
immediately adjacent to the boundary layer, so these col-

92,8388, 2 ‘ ' ' umns increase their ultimate height by a corresponding
93680808388 L amount. Finally, the cosh behavior predicted is seen in the
[o]0l0 0 00 /00 0l0 0 000 0] A . . H e

SRR, o Of mte_rlor of the lattice, subjeqt to the boundary condition es-
BR0R000002000035 <l tab!lshed by the columns adjag:ent to the boundary layer. The
SOCeRCCeRcecciececcd horizontal wave number predicted by E@4) for the cosh
2e0338333833BA g e 27 lution is qi =1/\Jp,P, &%= hi ith
SECCOREELO0ORCC00EEE solution is given byk,=1/\p,P,1£°=0.63. This agrees wit
B3338R8333RARRRRRRAA 3 . ' he fit sh bel hich has.= 0.7+
§9900000000000000000 0 5 10 5 % the fit shown below, which has,=0.7+0.2.
[ole]e e 0l0l0/0 /00 0 0 0 0l0 0 0 0 0 0]
QO00Q00O0QOOQVVQOOQ

B. Added corner voids
_FIG. 13. 400 particles_on I_attice; each simul_ated te_tp delivers_96 If we include voids in the corners of the container, as
voids at random into the interior of the heap. Eight voids are deliv-g, .\ i Fig. 10b), the flow undergoes a distinct transfor-
ered into the bottom of each side of a two-particle-wide boundary . ; . . .
layer and these 16 particles are distributed at random into the IowegPatlpn' In. Fig. _13’ we re_peat the SImUIatlon_S of Fig. 12_ under
existing voids in the interior. Left: shape of heap with initially preC|seI_y identical conditions except that eight new y0|ds gre
horizontal marker particleglaced at a height of ten particle diam- added in each of the corners along the two-particle-wide
eterg after 300 taps. Right: circles give average positions of markepoundary layerg31]. Now the concave-up cosh solutions
particles over 300 successive taps; line gives fit to @4). switch to concave-down cosh solutions. The fit is again
good, with correlation coefficient 0.99. The horizontal wave
from the bottom(dashed ling immediately after the tap. In number predicted by Eq24) for the cosh solution here is
Fig. 11, we show the locations of the same particles for botlagaink,=0.63, which once more compares favorably with
cases of initial states after the voids have percolated upwardhe fit to the simulation data with,=0.66+0.05.
Notice that the qualitative behavior is similar for both initial ~ From these comparisons we conclude that sthéepen-
states. For example, the final surface of the pile forms ajence of the displacements resulting from discrete taps is
rounded heap, and the marker particles have been scatterg@|l described by Eq(24) from our model, irrespective of
by the flow. Several quantitative differences exist, howeverthe details of the boundary conditions. The character of the
as we discuss next. flow that results depends sensitively on these details, how-
ever. In particular, these results support the speculation of
A. Zero corner voids Ref. [7]: the collapse of boundary particles from the lower
, . R .. corners of the container into the bulk flow does seem to drive
Let us first examine the naive initial state shown in Fi

. . : "the concave-down cosh flow observed in convection experi-
10(a). In this case, the cosh solution presents itself as P

fnents[32).
concave-up curve, as shown on the right of Fig. 12. In the ents{32]

figure, we apply 300 successive taps and display the aver- C. Different ¢ rati

aged displacements of each of the marker particles on the - piierent aspect rafios

right. On the left, we show the displacement incurred be- The same behavior holds for other aspect ratio lattices as
tween the 299th and the 300th tap. The solid curve plotted owell. In Figs. 14 and 15, we show results for lattices with
the right is a best fit to a cosh excluding the three pointsaspect ratios 1:2 and 2:1 and approximately the same total
nearest the boundafB0] on either side and has correlation number of particles and voids as in Figs. 12 and 13. In all
coefficient 0.95. The mechanism that leads to this curveases, a two-particle-wide static boundary layer is used.
seems to be as follows. Particles in the initially static bound-Again, particles flow down the sides of the container, up the
ary layer become entrained into interior voids. When thiscenter, and good cosh fits are observed in the interior; corre-
occurs, the boundary layer falls, demonstrated by the negdation coefficients for the fits shown in Fig. 14 are 0.97 and

{o
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FIG. 14. Lattices containingp) 28X 14 and(b) 14X 28 particles with initial conditions, as in Fig. 12. Marker positions are shown to left
of graphs and circles in graphs give average positions of markers over 300 taps, while lines give fit&2#®.Eq.
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FIG. 15. Lattices containin¢g) 28X 14 and(b) 14X 28 particles with initial conditions as in Fig. 13. Marker positions are shown to left
of graphs and circles in graphs give average positions of markers over 300 taps, while lines give fit&2#®.Eq.

0.92. With added voids in the corneBig. 15, the fits are 409 particles in a two-dimensional container approximately
also good, with correlation coefficient 0.99 for both aspec20 mean particle diameters wide and shook the container
ratios shown. through 50 separate cosinusoidal vertical oscillations. Fol-
lowing each complete cycle, all particles were allowed to
come to rest. The container itself was lined with stationary
We can also use this model to investigate the verticaparticles so that the friction against the container walls was
dependence of the displacement following a tap. In Fig. 16dentical to the interparticle friction. Particle diameters are
we show the displacement of an initially vertical line of polydisperse, with mean 3 mm and variance 0.1 mm. The
marker particles(following 300 successive tapplaced in  amplitude of oscillation of the base was 1 cm, and the fre-

the horizontal center of the particle lattice both immediatelyquency of oscillation was 5 Hz, resulting in an acceleration
following a tap and after the particles have settled. In ther = p,2=4g.

results that follow, we include excess voids in the corners of Regyits of these simulations are shown in Figs. 18—20. In

the container as discussed in the preceding section, since thi§93_ 18a) and 18b) we show how an initially horizontal

initial state seems to best conform to experimental CONVeGjne of particles chosen midway up the stack of particles is
tion data. We apply 300 successive taps and display the aygpiaced following one oscillation cycle, and in Fig.(d8
eraged displacements of each of the marker particles in Figye show(open circlesthe average vertical displacements of
17. In the figure we also include a fit to EQ.6) using the  (hege particles over 50 cyclés5]. For comparison, we also
lowest 14 marker particlef33]. The reason for fitting only  ghq a fit to a cosh as a solid line. The parameters of fric-

the lowest 14 particles can be discerned by examination of, - coefficient of restitution, and elasticity are essentially
Fig. 17: particles above this point are strongly influenced bychgsen arbitrarily, and as a result the surface shape and ve-
the surface flow over the outside of the heap. This flow iqcity profile parameters do not correspond precisely with
well captured by the simulation, but is not a part of thereceding plotge.g., Fig. 13. Nevertheless, the fit to a cosh
analysis leading to the prediction of a linear-exponential dejg excellent, with correlation coefficient 0.997, and the veloc-
pendence of displacement on heigiit. (16)]. These results ity profile is unequivocally concave-down. This is in quali-
indicate possible avenues for experimental validation. tative agreement both with our stochastic void-penetration
model and with experimenti]. Quantitatively, the wave
number and other parameters defining the displacement pro-
A. Velocity profiles file depend on material properties and differ therefore from

To validate our theoretical results further, we have perin€ lattice case.

formed soft-particle-dynamics simulatiofid4]. We placed

D. Vertical dependence

IV. PARTICLE-DYNAMICS SIMULATIONS
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particles at center of lattice after 300 taps. Right: vertical displace-
ments of markers versus initial height. Circles give averages over

FIG. 16. Initial (left) and final(right) states of lattice with ver- 300 taps; line is best fit to E¢16) of the 14 data points below the
tical array of marker patrticles. (shaded surface.
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(b) (©)

FIG. 18. Soft-particle-dynamics simulations of 409 particles shaken sinusoidally through 50 separate cycles. Polydisperse particles
allowed to come to rest between cyclés.Particles before 50th cycle; marker particishaded blackchosen to have centers lying between
9.5 and 10.5 mean particle diameters from bott@m Particles after 50th cyclég) mean vertical displacements of marker particles over 50
cycles(circles and fit by cosh(line).

We have also evaluated the dependence of velocity profilshould be able to transform the velocity field from a
on height within the stack of particlegf. Fig. 17. These concave-down cosfwith a convex top surface defined by a
results, shown in Fig. 19, provide strong confirmation of thedistinct angle of repose—cf. Figs. 13, (&% and 19 to a
predictions of our model. As we mentioned earlier, theconcave-up cosliwith a flattened, possibly even concave,
model requires that the vertical velocity increase, accordingurface—cf. Fig. 1é)]. Since the downward boundary flow
to a particular linear-exponential law, where the linear termcan in turn only be driven by the downward flow of the side
must have a positive coefficient and the exponential termwalls during shaking, one way to do this would be to move
must have a negative prefactor. In Fig. 19, we show thdhe bottom of the container down within a container with
corresponding particle-dynamics simulation. In Fig(Q9 fixed walls. Alternatively, stepped or terraced side walls
we show, as open circles, the average over 50 cycles of vegould be used to interrupt the boundary flow and generate a
tical displacements of marker particles as a function ofconcave-up flow profile.
height[36]. We also plot, as a solid line, the fit to EG.6) We have tested this prediction as well, using particle-
with coefficients with the prescribed signs. The fit has corredynamics techniques. In Fig. 20, we periodically lower only
lation coefficient 0.991. As in Fig. 17, we exclude pointsthe bottom surface of the container, keeping the side walls

near the surfacéshaded gray fixed [37]. This interferes with the presumed downthrust of
the boundary layer due to wall motion. In this case, we see a
B. Modified boundary flow concave-up, small-amplitudef. Fig. 12 displacement pro-
file.

A final prediction from our cellular automata simulations
is that the convective velocity field depends strongly on
boundary conditions. For example, the convective velocity
field studied here is evidently driven by a downward flow By focusing on the dynamics of void motion, we have
along the side walls. By interrupting this boundary flow, we developed a model that duplicates many experimentally ob-

CONCLUSIONS

(b) (©)

FIG. 19. Soft-particle-dynamics simulations as in Fig. 18, with marker partitlesk chosen to have centers between 9.5 and 10.5
particles from left wall(a) Particles before 50th cycléh) particles after 50th cyclér) mean vertical displacements of marker particles over
50 cycles(circles and fit to Eq.(16) (line). Particles very near the surfa¢ghaded grayare excluded from the fit.
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(b) ()

FIG. 20. Soft-particle-dynamics simulations of 409 particles, in which the bottom of container is periodically lowered but side walls are
fixed through 50 separate cycles. Polydisperse particles allowed to come to rest between(@yPBladicles before 50th cycle; marker
particles(shaded blackchosen to have centers lying between 9.5 and 10.5 mean particle diameters from KojttBarticles after 50th
cycle; (c) mean vertical displacements of marker particles over 50 cycledes and fit to cosh(line).

served features of granular convection. Our results indicatample, the convective velocity field studied here is evidently
that the qualitative mechanism driving granular convectiordriven by a downward flow along the side boundaries. By
may simply be that void penetration depends on relative veinterrupting this boundary flow, it should be possible to
locities of adjacent particles. The role of this velocity differ- transform the velocity field from a concave-down cosh to a
ential is to provide additional scattering opportunities thatconcave-up cosh. Since the downward boundary flow can in
may permit a particle from one side or the other to enter theurn only be driven by the downward flow of the side walls
void. Using this model, it is not difficult to understand the during shaking, one way to do this would be to move the
mechanism that drives particles toward regions of low sheabottom of the container within a container with fixed walls.
voids in a differential shear field are more likely to exchangeAlternatively, stepped or terraced side walls could be used to
places with particles in the direction with higher relative ve-interrupt the boundary flow and generate a concave-up flow
locity. Conversely, particles will tend to migrate toward re- profile. This and other predictions remain to be experimen-
gions of low shear. This migration seems to be what leads ttally tested.
intriguing observed flow behaviors in granular convection.
Quantitatively, we conclude that the detailed behavior of
the displacements resulting from discrete taps is well de-
scribed by Eqs(16) and(24) from our model. The character This work was gratefully supported by the Petroleum Re-
of the flow that results seems to depend rather sensitively osearch Fund and by the National Science Foundation, Divi-
the specifics of the boundary conditiof@8]. In particular, sion of Chemical and Transport Systems. T.S. wishes to
results suggest changes in convective devices that shouttlank R. Almgren, H. Jaeger, L. Kadanoff, J. Knight, and S.
significantly change the convective velocity field. For ex- Nagel for their hospitality and many informative discussions.
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